We show that a resummation model for the evolution kernel at small x creates a bridge between the weak and strong couplings. The resummation model embodies DGLAP and BFKL anomalous dimensions at leading logarithmic orders, as well as a kinematical constraint on the real emission part of the kernel. In the case of pure gluodynamics the strong coupling limit of the Pomeron intercept is consistent with the exchange of the spin-two, colorless particle.
Introduction
The high energy limit of QCD is one of the most important aspects of strong interactions. The abundance of precision data from high -energy colliders, like HERA and Tevatron, enables one to confront and check the theoretical predictions in QCD. The standard framework used to make the predictions in QCD is that of the collinear factorization. In this approach the hard matrix element is computed within the perturbative QCD. The collinear singularities are factorized into the parton densities which are then evolved using the renormalization group equations. These equations provide a tool for computing the change of the densities of quarks and gluons at the variable scale. Although the parton distribution evolves, the total energy-momentum is conserved. This is reflected by the fact that the anomalous dimensions of the DGLAP equations vanish at j = ω + 1 = 2 2N f γ qg (ω)| ω=1 + γ gg (ω)| ω=1 = 0 and γ gq (ω)| ω=1 + γ(ω)| ω=1 = 0 , order by order in the perturbation theory. Therefore parton distributions F i (x, µ 2 ) obey the momentum sum rule
where x is the fraction of the longitudinal momentum of the hadron carried by the parton, and µ is the scale of the DGLAP equation. In the distribution F i partons are on-shell and have zero transverse momentum. This by itself is already an approximation, since one does not observe free, on-shell quarks and in any hadronic process the target partons are always off-shell.
An alternative approach is BFKL resummation [1] , where gluon emission diagrams are summed in the Regge limit s ≫ |t|. The amplitude computed perturbatively in this regime has the form A(s, t) ∼ s αP (t) , where α P is the Pomeron trajectory given by the integro-differential equation
In (
is the BFKL kernel which depends on the transverse momenta k T . In the leading logarithmic approximation the Pomeron trajectory intercept equals
The solution to Eq. (1) is the unintegrated gluon distribution function f (x, k T ), which still contains the information about the transverse momentum of the gluon. The distribution f is for the off-shell gluons.
The next-to-leading order corrections [2, 3] dominate the leading order. Consequently, several methods on the resummation of the perturbative series were developed, to name [4] - [9] , [10] - [15] , [16] and [17] . There is, as yet unfortunately, no unique resummation procedure at small x. However, the major building blocks are common to all approaches, like the DGLAP anomalous dimension, kinematical constraints, running coupling and the momentum sum rule.
The unique sum of the perturbation theory, if it exists, should contain the complete information about the anomalous dimensions. It is then legitimate to ask what is the strong coupling limit of such a sum. While one does not yet have a complete solution, one can still build models and explore them in the strong coupling limit. In [18, 19] a resummation procedure was proposed and it revealed that the intercept in the limit of the infinite coupling equals one. In this paper we investigate the details of the behavior of the BFKL eigenvalue restricted by the kinematical constraint and the momentum sum rule. We show that in the limit α s → ∞ the intercept of the resummed Pomeron becomes exactly one. This is consistent with the exchange of the (possibly massless) particle of spin two. The model proposed here explains the strong coupling limit but also allows to interpolate between small and large values of α s . The importance of the exact kinematics for the parton distributions in Monte Carlo generators has been already emphasized [20, 21] . The systematic program of the definition of the collinear factorization with exact kinematics is under way [22] . This paper solely focuses on the BFKL Pomeron.
Our results may bear some relevance in the context of the string/gauge duality conjecture proposed by Maldacena [23] . Recent string theory results [24] (see also [25, 26] ) showed that the scattering amplitudes in the Regge regime at large N and for the vanishing beta function exhibit a diffusion in the fifth dimension of the curved AdS 5 space. The kernel has the form
where ψ is the digamma function and γ is the Mellin conjugate to ln k 2 T . The next-to-leading corrections to the BFKL equation are known to be very large [2, 3] . The resummation procedure yields a stable result for the intercept. The following features are common to all methods of resummation
• Full DGLAP anomalous dimension (at least in the leading order of perturbation theory).
• Kinematical constraint imposed onto the gluon emission term (explained below).
• Running coupling constant.
• Momentum sum rule.
It has been shown, [12] that the Pomeron intercept computed from the renormalization groupimproved BFKL equation with modifications mentioned above, is much smaller than the leading logarithmic value. The resummed value increases with the coupling constant. The α 2 s correction which comes from the expansion of the resummed result coincides with the NLLx [2, 3] calculation down to a couple of percent.
The kinematical constraint [27, 28, 29] (for Monte Carlo results within dipole picture see [30, 31] ) is imposed onto the BFKL equation as a requirement that the virtualities of the exchanged gluons are dominated by the transverse components of the momenta. The form of the kinematical constraint depends on the scales in the scattering process [32] . For DIS reaction which is characterized by a large difference of scales of the scattered particles (where virtuality of the photon Q 2 is much larger than the scale on the proton side ∼ Λ 2 QCD ) the kinematical constraint imposed onto the real emission term in (2) approximately equals
In the case of the scattering of objects with similar scales (as for example in γ * γ * scattering with photons having both large and comparable virtualities), the kinematical constraint has a symmetrical form
The exact form of the constraint, as it appeared in [27, 28] , actually is
In the limit of small z we neglect it in the numerator of (8) and set k
The comparison between the two alternative versions of the constraint (6) and (8) is relegated to the final section of this paper.
More exact analysis of the kinematics and the constraint can be best illustrated by the following simple example. In Fig. 1 we show a 2 → 3 process with one particle emission. The details of the matrix element are irrelevant for the purpose of this discussion. The incoming momenta of the particles satisfy the condition p We decompose the exchanged particle momenta in terms of Sudakov variables
The phase space can be rewritten as
) . (10) In the limit of the multi-Regge kinematics
which leads to the following approximated form for the phase space
) . (11) Furhermore, in the high energy limit the transverse momenta are approximated as k
Phase space becomes completely factorized into transverse and longitudinal components. This is also transparent in Eq. (2), where we identify x ≡ m 2 /s, α 1 ≡ x/z. From the point of view of the leading logarthmic accuracy. i.e. (α s ln s/m 2 ) n , the choice of m 2 is irrelevant since it has to be much smaller than the very large energy s. This, however, leads to a mismatch in the kinematics for the outgoing particle. The approximated phase space is now completely factorized, as in Eq. (12) , and the k T integration is unrestricted. This can give an unphysical result for the emitted gluon since it can be off-shell
The kinematical constraint (8) guarantees that in the limit z → 1 the emitted gluons are soft and on-shell (
. Note that the condition (8) constrains only the phase space. The matrix element is kept in the same, high-energy approximation.
BFKL with kinematical constraint
Let us now explore the details of the effects of the symmetrical kinematical constraint (7) imposed on the BFKL kernel. Throughout this analysis we will keep the strong coupling fixed. The modified equation reads
where we introduced standard notationᾱ s ≡ α s N c /π. We perform the following change of the variables
after which the equation (14) can be rewritten as
The LO BFKL is recovered when the theta functions are set to one and its solution can be written in a form of series in ξ f
which is the leading logarithmic series in α s ln 1/x. Clearly, the non-perturbative nature of the kinematical constraint is evident because of the appearance of the exponential factors exp(±η/ᾱ s ).
It is non-perturbative in a sense that the leading logarithmic expansion in η is accompanied by the arbitrary powers inᾱ s . The resummed Eq. 16 contains all powers ofᾱ s as well as ξ and the solution is a function of three variables f (ξ,ᾱ s , k
The constraint breaks down the complete factorization between the longitudinal and transverse components of the momenta in the evolution. The evolution equation cannot be written any longer in a simple form of the differential equation with the factorized ln 1/x dependence as in Eq. 1. 1 We write here f (x, k 2 T ) instead of f (x, k T ) to emphasize that the angular dependence has been integrated out.
The Mellin transform of the kernel in Eq. (14) reads The effect of the kinematical constraint is to shift the arguments of the digamma functions. The arguments γ+ω/2 and 1−γ+ω/2 can now be equal or larger than 1 in the domain 0 < γ < 1, ω > 0. Therefore, both BFKL branches, ψ(1) − ψ(γ + ω/2) and ψ(1) − ψ(1 − γ + ω/2), have zeros in this regime. This results in a solution χ (γ 0 , ω 0 (γ 0 )) = 0 with 0 < γ 0 < 1. In particular, the eigenvalue χ(γ, ω) (19) vanishes when γ → 1/2 and ω → 1
which is illustrated in Fig. 2 . The solution to the eigenvalue equation
can be symbolically written as [13] 
It is difficult to obtain the solution analytically, however we can easily solve numerically for χ eff . In Fig. 3 we illustrate this solution as a function of γ for different values ofᾱ s . For increasing values ofᾱ s , the minimum of χ eff at γ = 1/2 approaches the limit of 1 as is expected from Eq. 20. The shape of the function changes very little with the increase ofᾱ s . The derivative of χ(γ, ω) at ω = 1 equals
Therefore, we can write an expansion of the eigenvalue (21) around ω = 1
however, the shifted kernel eigenvalue is not sufficient to reproduce the full NLLx BFKL result. Motivated by the resummation procedure proposed in [12, 13] let us consider the resummed model for the eigenvalue equation in the form
The expression in the square brackets is the LO DGLAP anomalous dimension 
with
and
The last condition, expressed by formulae (29) , is the momentum sum rule in the absence of quarks N f = 0. Therefore, the resummed model (25) contains DGLAP anomalous dimension at to leading order in α s ln Q 2 , BFKL eigenvalue at the leading order in ln 1/x and the kinematical constraint. We again stress, that the coupling constant is fixed in this analysis. In particular, this enables us to use simple expressions for the eigenvalue conditions like Eq. (21) . We expand the DGLAP anomalous dimension γ (0) (ω) around ω = 1 and get
Using (24) and (30) we can thus write (25)
Solving for ω we obtain
where
The result (32) should be compared with the calculation of the first correction to the intercept of the graviton presented in [24] ,
and the SUSY result [19] . The coefficient c 0 obtained from the model (25) is different, due to different details of the resummation model and the fact that here we are considering fixed coupling QCD, whereas Refs. [24, 19] apply to the SUSY YM case. However, the overall agreement is satisfactory.
-0. The model (25) provides not only the correct limits at small and large values of the coupling but also smoothly interpolates between these limiting regions. From (31) it is clear that the 1/ √ᾱ s behaviour is a results of the double zero of the model (25) at ω = 1. The numerical solution to the equation (25) in the form of
is plotted in Fig.4 where we show it for various values of the coupling constant. The fixed points in the (γ, ω) plane, namely (−1/2, 1) and (3/2, 1), result from the superposition of the zero ω = 1 and the simple poles at γ + ω/2 and 1 − γ + ω/2. The second derivative
| γ=1/2 appreciably changes in this case, exhibiting 1/α s behaviour at large α s . This is different from the AdS/CFT correspondence result which as well produces 1/ √ α s for the second derivative. We think that this is an artifact of the simplified model which we are considering. The overall qualitative behavior ofχ eff is nonetheless consistent with the expectation from string theory side, in particular when we compare with the Fig. 2 in Ref. [24] . The effective eigenvalue has two fixed points (the points which do not change when the coupling is varied) and it can be approximated by the parabola with a minimum at γ = 1/2. When the coupling is increased, the second derivative decreases. This continues until the limit of α s = ∞ is reached, and the effective eigenvalue tends to a constant equal to one.
When we compare the solutions presented in Fig. 3 and Fig. 4 , we see a qualitatively different behavior of the effective eigenvalue function. In Fig. 3 the function χ eff is 1 only at a single point in γ = 1/2. In Fig. 4 the effective eigenvalue functionχ eff has a constant limit whenᾱ s → ∞ for all values of γ, which is the consequence of the fact that 1 + ωA(ω) ∼ (1 − ω) at ω = 1. It is also interesting to examine the convergence properties of the resummed model at small and large values ofᾱ s . The coefficients of the expansion for the intercept ω P =χ eff (1/2,ᾱ s ) are collected in 
The coefficients in the small coupling expansion grow with increasing order as a n+1 /a n ≃ −10 signalling the possible lack of convergence of this model atᾱ s → 0. At large values of the coupling the coefficients behave at least as b n+1 /b n ∼ 1/n. 
Improved kinematical constraint
It is interesting to investigate the changes to the evolution kernel when imposing more stringent kinematical constraint. In [28] it was shown that the more accurate version of the kinematical constraint has actually the form
It reduces to Eq. (6) when z ≪ 1. Let us first consider the collinear approximation to the BFKL kernel
and keep the (1−z) term in the numerator of the kinematical constraint replacing however q This result is valid in the case of one Pomeron exchange. We stress that the result for the intercept will be renormalized when the multi-Pomeron exchanges or the saturation corrections are also incorporated. These corrections will certainly become important in the limit of the very large coupling. Also, the running of the coupling and the presence of quarks in the evolution can further change the results in a quantitative way. We leave these questions for further studies.
